In quasi-1D π-conjugated polymers such as trans-polyacetylene and polyenes, electron correlation effects determine the "reversed" excited state ordering in which the lowest two-photon 2A g state lies below the lowest one-photon 1B u state. In this work, we present conclusive theoretical evidence of reversed excited state ordering in fairly 2D π-conjugated systems, namely, diamond-shaped graphene quantum dots (DQDs). Our electron correlated calculations show that DQDs begin to exhibit reversed excited ordering with increasing size, in disagreement with independent-particle picture. This signals the onset of strong correlation effects which renders them nonluminescent.
I. INTRODUCTION
The intricate role played by electron correlations in describing the photophysics of carbonbased systems exhibiting sp 2 hybridization has been an active area of research 1, 2 . The extensive focus of earlier experimental 3, 4 and theoretical studies [5] [6] [7] [8] was to determine the influence of electron correlations on one-photon allowed optical states. However, as per electric dipole selection rules in centrosymmetric systems, the optical states accessible by one-photon excitations are distinct from those obtained by two-photon excitations. Existing literature have provided exclusive evidence of the fact that one-photon allowed optical states are chiefly due to excitations comprising of one electron and one hole, while two-electron twohole excitations can have a major contribution in the description of two-photon states [9] [10] [11] . This signifies that the influence of electron correlation effects is more complicated in twophoton allowed states, as compared to the one-photon allowed optical states. Earlier studies on quasi-1D π-electron material trans-polyacetylene, and its oligomers, polyenes, have shown that the inclusion of electron correlation effects is responsible for the occurrence of the lowest energy two-photon 2A g state below the lowest energy one-photon 1B u state, in contrast to that expected within the one-electron Hückel and mean-field Hartree-Fock theories 11, 12 . However, such "reversed" excited state ordering as well as significant contribution of twoelectron two-hole excitations in the description of two-photon states is not expected in fairly 2D and 3D systems, as the strength of electron correlations decreases with increase in the dimension of the system considered.
The study of non-linear optical properties of graphene and its fragments, in its own right, forms an extremely important field of research, with a fairly large number of experimental, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and theoretical [25] [26] [27] [28] [29] [30] [31] [32] studies dedicated to the subject. An earlier study by our group on polyaromatic hydrocarbons revealed that the strength of electron correlations becomes dominant as the symmetry of molecules decreases from D 6h to D 2h point group.
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This has motivated us to consider graphene quantum dots possessing D 2h point group. Our previous investigation on fairly 2D systems, namely diamond-shaped graphene quantum dots (DQDs), demonstrated that electron correlations are important in determining their linear optical properties. 7 In addition, an earlier study from Kaxiras and co-workers, 34 and from our own group, 35 predicted that suitably aligned external electric field can induce energy-level shifts of spin-ordered edge states, giving rise to phase transition between the well-defined magnetic states of DQDs. Given the profound influence of an external electricfield on the electronic, magnetic, and linear optical properties of DQDs, it is but natural to explore the nonlinear response of DQDs to incident optical radiation. This has motivated us not just to compute the nonlinear optical spectra of these structures, but also to explore the influence of electron correlations on them, which, to the best of our knowledge has not been done till date.
In this work, we report a computational study of two-photon absorption spectra of DQDs, which provides exclusive evidence of strong electron correlations resulting in the aforesaid reversed excited state ordering. Like polyenes, DQDs are also centro-symmetric systems, but with a higher point group symmetry D 2h . Thus, its even parity states belonging to irreducible representations (irreps) A g and B 1g are invisible in linear spectroscopy, which can only detect its odd-parity excited states belonging to irreps B 2u and B 3u
7
. In order to obtain a better understanding of the even parity states, and non-linear optical response of DQDs, we compute their two-photon absorption (TPA), and photoinduced absorption (PA) spectra, at the independent-particle (tight-binding), and configuration interaction (CI) levels. The CI results demonstrate that the DQDs exhibit reversed excited state ordering like polyenes, with increasing size, in complete disagreement with the independent-particle predictions. This highlights the presence of strong electron correlations in the DQDs. For the case of DQD-16 (DQD consisting of 16 carbon atoms), we compare its calculated TPA and PA spectra with the experiments for its hydrogen passivated analog pyrene 36 , and obtain excellent agreement. We also calculate and analyze the TPA and PA spectra of (DQD consisting of 30 carbon atoms), and PA spectrum of DQD-48 (DQD consisting of 48 carbon atoms), for which, at present, no experimental or theoretical results exist. Our studies reveal that, due to structural anisotropy, the nonlinear optical response of DQDs is much more complicated as compared to that of 1D systems. A further extension of this work will be to analyze the implication of electron correlation effects in extended 2D carbon-based system in the thermodynamic limit, i.e., graphene. According to the Hückel tight-binding π-electron theory, 2D graphene is a semimetal. However, several studies 37 have proposed that the inclusion of electron-electron interactions is reponsible for considerable modification of graphene's linear spectrum leading to an opening of energy gap, in contrast to the results obtained from the single-particle theory.
The organization of the rest of this paper is as follows. A brief description of the com-putational methodology is presented in Sect. II, followed by results and discussion in Sect.
III. Finally, the conclusions are given in Sect. IV.
II. COMPUTATIONAL METHODOLOGY
The geometric configurations of different DQDs considered in this work are given in fig.1 .
The DQDs are assumed to lie in the xy plane, with the y-axis along the longer diagonal, and the x-axis along the shorter one. We have chosen uniform carbon-carbon bond lengths of 1.40 Å, and bond angles of 120°, so that each DQD has D 2h symmetry. The symmetries of the relevant one-photon and two-photon excited states are B 2u , B 3u and A g , B 1g , respectively, as predicted by the electric-dipole selection rules.
For performing computations, we employed Pariser-Parr-Pople (PPP) model Hamiltonian
where c † iσ (c iσ ) creates (annihilates) an electron of spin σ, in the p z orbital located on the i-th carbon atom, while n i = σ c † iσ c iσ denotes the total number of electrons on the atom. The first term in Eq. 1 denotes the hopping between i-th and j-th atoms which are nearest neighbors, with t 0 = 2.4 eV, for the nearest neighbor distance 1.40 Å. The second and the third terms in Eq. 1 represent the electron repulsion, with parameters U , and V ij , denoting the on-site, and the long-range Coulomb interactions, respectively. The distance-dependence of V ij is assumed as per Ohno relationship
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, modified to include the screening effects
where κ i,j is the dielectric constant of the system, included to take into account the screening effects, and R i,j is the distance (in Å) between the ith and jth carbon atoms.
In the present set of calculations we have used the "screened parameters" of Chandross and
Mazumdar
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with U = 8.0 eV, κ i,j = 2.0(i = j), and κ i,i = 1.0. We have used these Coulomb parameters, coupled with the hopping value t 0 = 2.4 eV, extensively in the past for conjugated polymers 6, [42] [43] [44] [45] [46] [47] , polyaromatic hydrocarbons 33, 48 , and graphene quantum dots 7, 35 . In case of a charge-neutral DQD consisting of N carbon atoms (DQD-N , with N always even), each carbon atom contributes one π electron, and the p z orbital of each of the carbon atom is part of the basis set. Thus, for each DQD-N treated within the PPP model, we have N basis functions, and N electrons, making it a half-filled system. Our calculations are initiated at the restricted Hartree-Fock (RHF) level using a code developed in our group
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. The mean-field approximation at the RHF level results in N/2 doubly-occupied orbitals filled in accordance with the aufbau principle, and N/2 unoccupied molecular orbitals (MOs).
Pictorial representations of few of the frontier molecular orbitals contributing significantly to the non-linear properties for DQD-16, DQD-30 and DQD-48 and the Hartree-Fock wavefunction are given in Figs. S1-S4 of the Supporting Information
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. Thereafter, the PPP Hamiltonian is transformed from the site representation to the MO representation, and used to perform configuration interaction (CI) calculations to include electron-correlation effects.
The electron-correlations at the CI level are incorporated by considering virtual excitations from the occupied to unoccupied orbitals (see Fig. S5 of Supporting Information
, for a pictorial representation), leading to configuration mixing. The CI calculations are performed at the quadruple configuration interaction (QCI), or the multi-reference singles-doubles configuration interaction (MRSDCI), level depending on the size of the system. The QCI method was employed for the A g and the B 2u states of DQD-16, while the MRSDCI approach was adopted for the B 3u and the B 1g symmetries of DQD-16. Further, the MRSDCI methodology was considered for optimizing all the symmetries of the larger systems DQD-30 and -48. The increase in the number of molecular orbitals, with increase in the size of DQD, leads to an enormous increase in the dimension of the CI matrix. Hence, the frozen orbital approximation was implemented for DQD-48, in order to make the computations feasible.
According to this approximation, the lowest two occupied orbitals were frozen and highest two virtual orbitals were deleted so as to retain the particle-hole symmetry
7
. The manyparticle wave functions thus obtained are used to compute the transition electric dipole moments between various states, which in turn are employed to calculate their TPA or PA spectra. In particular, the TPA spectrum is computed as the imaginary part of the thirdorder non-linear susceptibility χ
ijkl (ω, ω, ω, −ω) (i, j, k, and l denote Cartesian directions) using the sum-over-states (SOS) formula of Orr and Ward
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. Henceforth, we adopt the shorthand notation T P A ijkl = Im(χ (3) ijkl (ω, ω, ω, −ω)), and in this work we present results on T P A xxxx , T P A yyyy , and T P A xyxy , for DQD-16, and DQD-30. This PPP-CI computational methodology has been extensively utilized in our earlier works on optical properties of π-conjugated systems 6, 7, [42] [43] [44] [45] [46] [47] , including their TPA spectra 33, 52 .
The states with A g symmetry give rise to two-photon resonances in the T P A xxxx and T P A yyyy spectra for these DQDs. Similarly, the two-photon resonances in the T P A xyxy spectrum corresponds to states having B 1g symmetry. In addition, the PA spectrum with respect to the first optically excited 1B 2u state has been computed for DQD-48, for which CI level TPA calculations were too time consuming. The PA spectrum for DQD-16 and DQD-30 has also been computed. It is observed that the salient features of the non-linear optical properties obtained from the PA spectrum for DQD-16 and DQD-30 are qualitatively in excellent agreement with those derived from their TPA spectra, validating our approach for the prediction of the non-linear characteristics of DQD-48 from its PA spectrum.
III. RESULTS AND DISCUSSION
In this section, we discuss the excited state ordering in the DQDs, and compare it with that observed in the polyenes. Furthermore, striking characteristics of PA, as well as TPA, spectra for the DQDs of different sizes are analyzed based upon the Hückel (tight-binding), and the CI level calculations.
A. Excited State Ordering
For comparison with polyenes, we will refer to the one/two-photon states of DQDs generically as B u / A g -type states. For accurate determination of excited state ordering in DQDs, large-scale CI calculations were performed for the first two lowest energy two-photon states (1A g ground state and 2A g ), and first one-photon (1B u ) state. The dimensions of CI matrices considered for the computation of excited state ordering are given in the table S1
of the Supporting Information using the density functional theory (B3LYP approach), are also reported for comparison.
indicate the presence of strong electron correlations in DQDs.
A plausible qualitative explanation of the lowering of 2A g state below 1B u , with increasing size of DQDs is as follows. DQD-16 has a 2D character with almost equal size in x and y directions resulting in relatively weaker correlation effects, rendering 1B u below 2A g . But with increasing size, DQDs approach a more 1D character with their size along the y direction becoming larger compared to x direction, leading to stronger correlation effects, and hence, a polyene like excited state ordering with the 2A g state below 1B u .
B. Nonlinear Optical Properties
In this section, we discuss the computed PA and TPA spectra of DQDs. As per SOS formulas for PA and TPA spectra, 
Wave function of this state is dominated by double excitations
where the abbreviation "c.c." represents coefficient of charge conjugate of a given singly excited configuration while the sign (+/−) preceding "c.c." implies that the two coefficients have (same/opposite) signs. This state is also responsible for the second most intense peak (IX y ) in the computed PA spectrum (fig. 4) . The computed A g state with energy 9.04 eV gives rise to an intense peak in the PA spectrum. However, it does not contribute to the TPA spectrum. Hence, the energetic ordering as well as symmetry assignment of our computed peaks are in perfect agreement with the experimental data, demonstrating the extremely high precision of our correlated electron approach. Thus, it lends credibility to our TPA/PA calculations on DQD-30 and DQD-48, for which we could not find any experimental data.
In addition, it is observed that both the TPA and PA spectroscopies are efficient methods for detecting the two-photon states of this system.
Photoinduced Absorption
The schematic diagram describing the concept of photoinduced absorption (PA) is shown in Fig. 3 . The system initially absorbs y-polarized photons from a pump laser, and gets (eV) . Note that the two-photon resonances in the absorption spectra are located at half the excitation energies. The calculations were performed at the CI level (see text for details), and the dominant configurations contributing to the many-particle wave functions of these states are also presented.
laser, it absorbs another photon polarized either in x or y directions to make a transition from the 1 1 B 2u state to higher energy m 1 B 1g or k 1 A g excited states, respectively. The spectrum corresponding to the probe absorption is measured, and is called the PA spectrum. Thus, the peak locations in PA spectrum correspond to the excitation energies of the even-parity states, measured with respect to the 1 1 B 2u state. Hence, using oriented samples of DQDs, one can determine the symmetries of these even parity states, based upon the polarization of the absorbed probe photons.
In Fig. 4 , we present the computed PA spectrum with respect to the first optically excited 1B 2u state for DQD-16, DQD-30 and DQD-48, respectively. Detailed quantitative information about various excited states contributing to their PA spectra is presented in the tables S9-S11 of the Supporting Information
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. Next, we summarize the important features of the PA spectra of the DQDs, computed at the CI level: (i) with the increasing size of the DQDs, the PA spectrum gets red-shifted, (ii) the 2A g state is not observed in the PA spectra of DQD-16, DQD-30 and DQD-48 due to its weak dipole coupling to the 1B 2u state, and also because of its proximity to it, (iii) there are several high intensity peaks contributing to the PA spectra. For DQD-16, peaks III x&y , V II y , V III x , IX y and X x make intense contribution to its PA spectrum. Of these, the most intense peak is III x&y which corresponds to almost degenerate higher energy even parity states, 4A g and 4B 1g , having excitation energies 5.06 and 5.07 eV, respectively. The double excitation |H → L; H → L , and the single excitations |H − 1 → L + 3 − c.c make dominant contributions to the many-body wave functions of these states. In case of DQD-30, the peaks III y , IV y , V y and V III x&y are quite intense, with the V y peak carrying the maximum intensity. This peak corresponds to the 10A g state, with the excitation energy 4.81 eV, and the double excitation Hence, it is observed that several states of A g and B 1g symmetries, having energies much greater than the 2A g state, give rise to strong resonances in the PA spectra of these DQDs.
It is to be noted that most of the peaks become y-polarized with increase in size of DQD. This is because greater system size in the y direction for larger DQDs leads to increased dominance of y components of the transition dipole matrix elements, over x components.
With the increasing size of the DQDs, the PA spectrum overall becomes more intense, due to the larger number of π-electrons in the system. Also noteworthy is that doubly-excited configurations make large contributions to the wave functions of the excited states giving rise to the peaks in the PA spectra, signifying the importance of electron-correlation effects in the description of even-parity states. Now, we present the energies obtained by incorporating electron correlation effects at single configuration interaction (SCI) level with the experimental data for pyrene in Table   III . In SCI approach, only one-electron one-hole, i.e., singly-excited configurations with respect to the closed-shell RHF wave function are included. The dominant configurations contributing to the SCI wave functions of important states are given in Table III , and it is observed that the energies obtained from single excitations are in reasonable agreement with the experimental data. However, we note that we obtained much better agreement with the experiments when two-electron two-hole doubly-excited configurations were included at the MRSDCI, and the QCI level (Table. II) for DQD-16. Futhermore, as the electron correlation effects are getting stronger with the increasing sizes of the DQDs, as is evident from the relative 2A g − 1B u ordering, the SCI method will become progressively worse for these systems as far as the description of two-photon states is concerned. This implies that the two-electron two-hole excitations are essential for quantitatively accurate description of two-photon states.
Next, in fig. 6 we present the two-photon absorptions T P A xxxx , T P A yyyy and T P A xyxy of DQD-16 and DQD-30, respectively, which include the electron-correlation effects at the in the context of trans-polyacetylene, had argued that the maximum two-photon intensity is not because of the 2A g state, but due to a higher energy even parity state, which they named mA g , and which has a strong dipole coupling with the 1B u state. Therefore, such a state will give rise to intense peaks both in TPA as well as in 1B u PA spectra of the system. For other polymers, with more complex structures due to side groups, several states were shown to satisfy mA g -like properties, 44, 52, 56 . In case of DQDs, different TPA components (depending on the selection rules) have either A g or B 1g type two-photon peaks having high intensity, a consequence of their more 2D structure.
In order to examine the presence of such generically called mA g states in DQDs, we do a detailed comparison of their TPA and PA spectra. In case of DQD-16, the states 4A g , 5A g ,
, 24A g and 38A g give rise to intense peaks in PA as well TPA spectra. In particular, the most intense peak in the TPA spectrum is due to 13B 1g state which also contributes to the strong peak X x peak in the PA spectrum. In addition, the 13A g state is not only responsible for the most intense peak in the T P A yyyy spectrum, but also gives rise to the second most intense IX y peak in the PA spectrum. Similarly, the 24A g state contributes to the highest intensity peak along T P A xxxx component, and the strong XIII y peak in the PA spectra. For DQD-30, the states
28A g , 34A g , 36A g and 34B 1g lead to strong peaks both in the PA, and the TPA spectra.
The 10A g state is responsible for the most intense peak V y in the PA spectrum, and the fifth strong peak in the T P A xxxx component. Hence, our studies demonstrate that there are many states responsible for strong peaks in the TPA and PA spectra, confirming the existence of several mA g states in DQDs. In addition, our investigations reveal that unlike a strictly 1D system like trans-polyacetylene, the two-photon and photoinduced absorptions in DQDs lead to enhanced nonlinear optical response, with several even parity states contributing to strong absorptions. Based upon the preceding observations for DQD-16 and DQD-30, one can say with confidence that in case of DQD-48 also, the peaks contributing to the PA spectra will also contribute to various components of its TPA spectrum. This shows that TPA and PA spectroscopies are both efficient approaches for probing the two-photon states of these systems.
IV. CONCLUSIONS
In conclusion, our large scale correlated computations employing the PPP Hamiltonian have demonstrated the dominant influence of electron correlation and finite-size effects on the non-linear optical properties of DQDs. Our investigations indicate that the presence of strong electron correlation effects, incorporated within configuration interaction (CI) method, gives rise to reversed excited state ordering in fairly 2D diamond-shaped graphene quantum dots, in contradiction to the results obtained by non-interacting single particle theories. In addition, the role played by electron correlation becomes more conspicuous with increasing size of DQD. However, unlike a strictly 1D system like trans-polyacetylene, the non-linear and excited state absorptions in DQDs lead to richer optical properties, with several even parity states contributing to strong absorptions. Therefore, our investigation reveals that both TPA and PA spectroscopies can be utilized to probe the two-photon states of these systems, which are invisible in the linear absorption. We hope that these results will lead to experimental investigations of these systems, paving the way to rational design of graphene-based nonlinear optical devices. 
The symbols H and L represent the HOMO, and the LUMO, respectively. The arrows represent virtual excitations from the occupied to virtual orbitals. In reality, the configurations are composed of properly anti-symmetrized Slater determinants.
Dimensions of CI matrices
In this section, we present the dimensions of the CI matrices employed for the computation of excited state ordering and two-photon absorption spectrum of DQD-16, DQD-30 and DQD-48. For excited state ordering calculation, the first two lowest energy two-photon states (1A g and 2A g ) and first one-photon (1B 2u ) state was optimized at the quadratic configuration interaction (QCI) level for DQD-16, while multi-reference singles-doubles configuration interaction ( MRS-DCI) methodology was adopted for DQD-30 and DQD-48. The dimensions of the resultant CI matrices for A g and B 2u symmetries for DQD-16, DQD-30 and DQD-48 are given in Table S1 . For computing the two-photon absorption (TPA) and photoinduced absorption (PA) spectra, the maximum energy limit of the excited states was restricted to 10 eV for CI calculations. The QCI method was used for the A g and the B 2u
states of DQD-16. The MRSDCI approach was adopted for the B 3u and the B 1g Table S4 : Excited states contributing to T P A yyyy component of the two photon absorption spectrum of DQD-16, computed employing QCI and MRSDCI approaches.
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